Abstract: This paper describes an extension of the Point of Collapse method developed for ac systems studies to the determination of saddle-node bifurcations in power systems including high voltage direct current HVDC transmission. Bus voltage pro les are illustrated for an ac dc test system, which signi cantly di er from the pro les of pure ac systems for typical system models. In particular, voltage dependent current order limits VDCOLs are shown to a ect the voltage pro les nose" curves and the loadability margin of the system. It is also shown that Hopf bifurcations, which are not possible in purely ac lossless systems with second-order generator models, become plausible when the dynamics for the HVDC system are included.
INTRODUCTION
Voltage instability and collapse have been observed in several electric power networks throughout the world, and have been the subject of increasing study over the past few years 1 . Furthermore, the relative wide spread use of HVDC systems for the transmission of large amounts of power 2, 3, 4, 5 has motivated several researchers to study voltage stability issues in ac dc systems by using voltage sensitivity factors VSFs 6, 7 . The VSF has been shown not to be a good measure of proximity to collapse in ac systems 1 , especially for buses with large amounts of reactive support. This paper analyzes the problem using bifurcation theory of nonlinear systems to determine the distance in state space to the point of collapse, so that better estimates of the loadability margins of the ac dc system can be obtained.
Here some of the mathematical and computational tools for voltage stability studies in ac systems are extended to incorporate HVDC models, and to gain new insight i n to the nature of the voltage collapse problem in ac dc systems. Moreover, the paper discusses some of the di culties encountered during the calculation of the unstable equilibrium points i.e., additional solutions of the power ow equations corresponding to unstable eigenvalues of the linearized ac dc system dynamic equations, which h a ve proven useful in voltage stability analysis of ac systems 8, 9 . This paper is organized as follows. The assumptions and models representing the ac dc system transient behavior are rst presented. Next, the mathematical background describing bifurcation voltage collapse phenomena for the ac dc system equations is discussed. Numerical techniques used to locate the loading levels that correspond to the bifurcation point are also described. Finally, these techniques are applied to a reduced ac dc sample system.
SYSTEM MODELS AND ASSUMPTIONS
The ac system is represented using transient stability models that assume quasi-static evolution of bus voltage phasors on the time scale of interest 5 . Here P gt and Q gt are the powers injected by the generator at bus t. E f represents the eld voltage, and X d stands for the synchronous generator reactance. While E f is held constant in these equations, more detailed exciter dynamics can be easily added. 
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Voltage and frequency dependent load models are employed.
Here P l and Q l are the powers absorbed by the load at bus l, and is a parameter used to simulate the slow time scale load variation that drives the system to collapse. D l is the load frequency coe cient a time constant in seconds.
HVDC n dc
A v ariation of typical control schemes is used to represent the HVDC converter behavior in quasi-static operation Fig. 1 . This scheme can be realized using the control circuit depicted in Fig. 2 . Notice that the VDCOL is modelled as a nonlinear function of the converter ac bus voltage.
The HVDC link as represented here has basically two di erent control regimes. Under normal operating conditions, the recti er controller controls the current while the inverter current controller remains saturated and therefore out of the loop". However, when the system experiences a fault condition, the recti er controller can be driven into saturation while the inverter controller takes over" the current control. The HVDC system can be modelled, under normal operating conditions and assuming ideal harmonic ltering, by 2 , 3 , 4 , 5 :
4 _ Io r Io i 6 P P P P P P Q Q Q Q `` X X Fig. 1 : HVDC control criteria. Notice that the recti er is allowed to go into inverter operation for faster recovery after fault conditions. cos r = cos rmin These equations are valid, within a roughly 4 error margin, for overlap angles r and i of up to 60 0 , i.e., there is a three-valve commutation every 60 0 in a six-pulse bridge. They are not valid for four-valve commutation, since under these operating conditions the dc link must be represented by a di erent set of equations 5 .
The controller model is such that inverter current control and recti er current control typically do not overlap. For high recti er voltages and or low i n verter voltages the recti er current controller is in operation while the inverter controller is saturated at its minimum value imin ; conversely, for low recti er voltages and or high inverter voltages the roles of inverter and rectier controllers are reversed. During recovery from fault conditions it is typical to have both converters controlling the current for a brief period. Each one of these cases is represented by switching" to the appropriate set of di erential equations.
The following vectors are de ned for recti er current control at each HVDC link k = 1 ; 2; ; n dc :
These vectors change when the inverter controls the dc current. In either case equations 4 can be rewritten as: _
x dck = h dck V dck ; x dck ; y dck 6 0 = w dck V dck ; x dck ; y dck P dck = f k V dck ; x dck ; y dck Q dck = g k V dck ; x dck ; y dck Vector Equations Equations 1 to 5 can be arranged into vector di erential equations 7 for an n bus ac dc system n = n G + n L + 2 n dc . The vectors f and g stand for normalized ac active and reactive p o wer ow mismatch equations, respectively, and
T . T o simplify the eigenvalue analysis, the reference generator n G is assumed to be an in nite bus. The analysis does not lose generality since system equilibria require that ! nG = 0 . _ x dc = h dc V dc ; x dc ; y dc 
BIFURCATIONS AND EIGENVALUES
It will prove convenient to de ne a composite vector that groups all state variables de ned by the differential equations, and a second vector that groups all variables de ned by the algebraic constraints. Let z = x T dc
T . Similarly, de ne a composite vector function,f, that groups all the terms representing the right hand side of di erential equations, and a composite vector function, g, that groups all terms representing algebraic constraints. When the algebraic constraintsĝ h a ve a n invertible Jacobian D uĝ along the system trajectories of interest, the algebraic variables can be eliminated Implicit Function Theorem 10 , and 7 reduces to:
where M is a positive de nite diagonal constant matrix.
A bifurcation 11, 12 , or structural instability, o ccurs when the Jacobian D z s of 8 is singular at the equilibrium z 0 ; 0 . Several types of bifurcation are possible in this situation, but of these only the saddlenode bifurcation occurs generically so that it is expected to be typical in practice 11, 1 3 . More formally: a general one parameter family of di erential equations such as 8 with singular Jacobian at an equilibrium can be perturbed to produce saddle-node bifurcations, and saddle-node bifurcations are robust to perturbations in the model. The saddle-node is characterized by 2 equilibria coalescing and then disappearing as the parameter e.g., load power increases. Moreover the following conditions 11 generically apply at z 0 ; 0 : Conditions 1 through 3 guarantee generic quadratic behavior i.e., two solutions joining into one near the bifurcation point, and also prevent singularities of the composite Jacobian in the Newton-Raphson based method for nding saddle-nodes described below. Examples of such saddle-nodes occurring in ac dc systems are illustrated in the sample system to follow.
An important computational issue in bifurcation studies for power systems is the relationship between eigenvalues of the power ow Jacobian J PF and those of the system dynamics linearized at the equilibrium point, denoted by J TS = M ,1 D z sz 0 ; 0 . This subject has been examined for simpler system models in 14, 15, 16 . The following discussion demonstrates that singularity zero eigenvalue of the power ow Jacobian implies a zero eigenvalue for the linearized system dynamics. Linearizingf andĝ at the equilibrium yields a block Jacobian of the form: Dx _ VG P 9 P 10 0 P 11 P 12 DL _ L P 13 P 14 0 P 15 P 16 Then, using standard block determinant formulas, the determinant o f J TS can be calculated: detJ TS = ,1 k detM ,1 det P 1 P 2 P 3 P 4 P 5 P 6 P 7 P 8 P 9 P 10 P 11 P 12 P 13 P 14 P 15 P 16
where k is a positive i n teger.
On the other hand, the power ow Jacobian can be obtained from 7 with ! G = 0, and it can be shown that: 
THE POINT OF COLLAPSE METHOD
This technique augments the equations for equilibria with constraints ensuring a zero eigenvalue at the point of interest. This approach is described by Seydel 12 , and was applied to voltage stability analysis of ac sys- The nonzero condition for the eigenvector can be guaranteed by requiring a particular component o f vz to be equal to one v i = 1. Replacing v 6 = 0 bŷ v i = 1 fails in the unlikely event of equations 15 yielding a nonzero eigenvector such thatv i = 0. This technique also yields the eigenvector at the bifurcation point, o ering insight i n to the local dynamic behavior of the system close to bifurcation, as described in 13 .
An alternative method for nding the bifurcation point is to impose conditions 1 and 2 of a saddle-node to the composite function f T z; uĝ T z; u T . This is equivalent to the approach proposed by V an Cutsem for an ac system in 18 , where a Lagrangian of the reactive p o wer ow is used to nd the bifurcation. Equation 16 below de nes the constraints used in this approach. Note that equations 16 are essentially the same as 15 except that the left zero eigenvectorŵ is used to ensure singularity. The constraint equations de ned above m a y h a ve several solutions, indicating that the system model could have di erent parameter values yielding several bifurcation points. However, since a Newton-Raphson method is employed for nding the bifurcations, a good starting guess for the eigenvectors typically puts the initial condition within the region of attraction of the desired solution. A technique to obtain this initial guess and the computational issues involved in applying the Point of Collapse method are discussed later.
Because the system model represents limits and hence has discontinuous derivatives, it is necessary to check whether a controller limit has been exceeded at the bifurcation point solution. HVDC converter transformer tap changers can also be included in the analysis, although several studies carried out by the authors have shown that these elements do not have a signi cant effect in the bifurcation point due to its limited voltage control range see example in the next section. Nevertheless, the equation structure can be changed in these cases to re ect switches in current controllers and transformer taps, so that further analyses of the stability o f the new equilibrium can be carried out. Full dynamic analysis shows that the equilibria with voltage magnitudes higher than those at the point o f collapse saddle-node bifurcation are stable, whereas equilibria with voltages below this point are unstable. Figure 4 shows three additional bifurcation points in the unstable region, and also sharp turning points due to changes in the control modes of the HVDC link. This behavior is di erent from the behavior of an ac only system at least for the type of ac model employed here, since in such systems the expected shape of the nose" curves is approximately globally quadratic as shown in 21 similar to the pro les depicted in Figs. 5 and 7. The unique character of the combined ac and HVDC system is more evident when VDCOLs are included as shown in Figs. 6 and 7. Here the ac dc system has a completely di erent set of unstable equilibria, suggesting that signi cant c hanges in the stability region of the ac dc system have taken place; also, the points of col- lapse have c hanged, i.e., the loadability margin of the system is altered by the inclusion of VDCOLs.
All these gures, especially 4 and 6, show that the stable equilibrium region of bus voltage V 1 remains approximately constant throughout the system loading, due to the relatively strong voltage support from generator G 1 and the HVDC ltering system. Hence, the VSF dV= dQ criteria is not a good measure of proximity t o v oltage collapse in this case since its value remains almost unchanged during most of the study. Table 3 shows the values of system variables at the point of collapse, obtained by solving equations 15 for active and reactive p o wer at the system load. For the case where VDCOLs are not included, the voltage magnitudes at bifurcation are higher when collapse is reached via active load increase as compared to reactive increase, which is reasonable due to the high reactive demands in the latter case. Although the points of collapse do not change signi cantly when VDCOLs are included, nding the unstable equilibrium point becomes more di cult since the controller current order changes with the ac voltage. Nevertheless, nding the bifurcation points with the PoC method is straight forward. This makes the method very appealing when compared to other methods that need to calculate the unstable equilibrium points e.g., 8 , since the degree of difculty has not changed in the PoC method with the mode of operation of the HVDC system. Based on the bifurcation values for active p o wer load, the system has a large maximum loadability" due in part to the in nite bus and the transmission line design. The active load changes are supplied mainly by the in- Voltages and currents are in p.u., with V n = 550 kV, I n = 2 :5 kA, and S n = 100 MVA.
nite bus, whereas the reactive increase is supported by the generators at buses 1 and 2; this in part explains the smaller reactive bifurcation values. Note that although the loadability margin changes when VDCOLs are included, one cannot draw a de nite conclusion regarding the advantages or disadvantages of this mode of operation from the point of view of saddle-node bifurcations.
High level control modes for the HVDC system e.g., power modulation and transformer tap changers can easily be included in the PoC method. The idea is to nd the initial bifurcation point without enforcing limits, check whether any limits have been violated, and then reapply the method to nd the new saddle-node. The e ect of taps in the converter transformers was simulated assuming a 10 regulating range for the system in Fig. 3 , obtaining a 1 variation in the bifurcation point.
Another interesting characteristic of the sample ac dc system relates to the behavior of the eigenvalues before bifurcation. As shown in Fig. 8 , a complex conjugate pair crosses the imaginary axis as the system load increases at 4682 MW of additional load, this happens even before the system becomes unstable due to voltage collapse. This phenomenon is known as Hopf bifurcation and is described with more detail in a later section.
COMPUTATIONAL ISSUES
One of the main concerns when applying the Point of Collapse method is the singularity o f t h e p o wer ow Jacobian at the bifurcation point, which might lead one to believe that equations 16 
18
Although the individual block D y Fy 0 ; 0 is singular, conditions 9 and 10 imply that J Po C is nonsingular 22 .
The Jacobian J Po C is symmetric for an ac lossless system 18 , and topology-symmetric for a general ac system. However, the equations for the HVDC links cause the power ow Jacobian to be rather unsymmetric. Furthermore, for an ac system this Jacobian has an special structure that can be exploited using blocking techniques to reduce the computational burden 18 , but once the dc system is included in the analysis this structure is partially lost. Nevertheless, one can still use matrix blocking techniques to improve the computational characteristics of the proposed method. An important issue in solving the Point of Collapse equations by Newton's method is the choice of initial guess for eigenvectorsv y orŵ y . The approach used here is to apply several iterations of the Inverse Power Method 23 to the power ow Jacobian. This typically yields a vector close to the span of the real and imaginary parts of the eigenvectors corresponding to the eigenvalues with the smallest magnitude. Although this is not absolutely guaranteed to be the eigenvalue that eventually goes to zero at bifurcation, it is quite likely. The method has proven e ective i n a n umber of sample ac and ac dc systems, and often produces a good initial guess in just one iteration.
With a proper initial guess, the computational costs of solving 15, or 16 are somewhat higher than those for the original power ow equations. The number of equations has doubled, but the Jacobian J Po C retains its sparsity. F urthermore, close to the bifurcation point the power ow Jacobian J PF becomes ill-conditioned, causing slow convergence for power ow methods and continuation methods 21 , whereas the Jacobian for the proposed Newton solution is far from singularity.
Research currently under way on computation of points of collapse using the proposed technique in systems with over 100 buses, suggests solution times in the order of 10 to 20 ordinary power ows. However, more work has to be done on this area before reaching de nite conclusions.
HOPF BIFURCATIONS
Hopf bifurcation is another mechanism of transition to instability in dynamical systems. This phenomenon is characterized by complex eigenvalues of the linearized system dynamics crossing the imaginary axis as the system parameters change 11, 1 2 . This type of bifurcation has been proven not to exist for simple ac lossless system models 24 . However, it has been observed in more detailed ac system models that consider transfer conductances and exciter dynamics 25 .
These bifurcations were observed for the ac dc system examined here, as shown in the eigenvalue-locus of Fig. 8 obtained when the active p o wer at bus 2 is increased and VDCOLs are included. Here complex conjugate eigenvalues of a stable equilibrium crosses the imaginary axis from left to right, slightly before the system reaches a saddle-node. This makes the system unstable by a di erent mechanism than voltage collapse. The interested reader is referred to 26 for a description of computational techniques for nding these bifurcations in nonlinear power system models.
CONCLUSIONS
A thorough analysis of bifurcation phenomena in a particular model of ac dc systems is presented. The Point of Collapse method is shown to be computational feasible as a means to determine acceptable load increase before encountering voltage collapse in ac dc systems. Moreover, it appears particularly promising when HVDC lines with controller limits and VDCOLs are considered.
The results presented here justify further studies in larger systems of the proposed method. The authors are currently working in implementing the PoC method for arbitrary ac dc system dimensions in a UNIX workstation environment using C code.
